A technique for imaging large areas of the ocean floor by inverting reverberation data is presented. Acoustic returns measured on a horizontally towed line array have fight-left ambiguity about the array's axis and decreasing cross-range resolution for off-broadside beams and more distant scattering sites. By optimal use of data taken with differing array locations and orientations, fight-left ambiguity is eliminated and resolution is maximized. This is accomplished via a global inversion using the array's known resolving properties. The output of the inversion can be optimally resolved reverberation, scattering coefficient, or physical properties of the seafloor, depending upon the formulation. Simulations are presented to show the general superiority of this approach to data averaging.
INTRODUCTION
Our goal is to image the ocean basin using acoustic reverberation data. When operating in bottom-limited environments, active sonar systems measure discrete backscatter returns from the seafloor. The nature of these returns depends upon transmission loss as well as the morphology and geo-acoustic properties of the scattering site. By two-way travel-time analysis, the range of particular scattering sites can be deduced for respective returns. Since low-frequency active systems typically measure acoustic returns with a horizontally towed line array, the azimuth of scattering sites can be determined by beamforming. Beamformed line-array data, however, has (a) an inherent right-left ambiguity about the array's axis, (b) decreasing angular resolution for off-broadside beams, and (c) decreasing cross-range resolution for more distant scattering sites. These ambiguities make it difficult to properly locate returns in complex ocean environments where scattering sites are broadly distributed in range and azimuth. • For future reference, we define an "observation" as an active insonification and subsequent towed-array measurement of reverberation at a single location and orientation. (We sometimes use "observation" to refer to the array location in such a measurement.) We define a "reverberation map" as the magnitude of acoustic returns from a single observation charted to the horizontal location of their respective scattering sites. A "scattering strength map" is a reverberation map normalized by source strength, scattering site area, and transmission loss.
Averaging together scattering strength maps has proven to be successful in reducing right-left ambiguity, given a sufficiently diverse observation geometry. 2'3 However, this technique has only been applied to situations where isolated scattering features, such as seamounts or continental margins, disturb sound channels that otherwise have excess depth. It does not work as well for broadly distributed backscattering in complex bottom-limited environments. 4
Right-left angular ambiguity in ambient noise data has been resolved by an iterative optimization procedure. 5 This can be further applied to resolve angular ambiguity in long-range monostatic and bistatic reverberation data by collapsing towed-array observation locations to a single point and performing angular inversions at independent range steps. 6 However, this approach provides a resolution no finer than the maximum separation between observations. Given spatially distributed observations in complex bottom-limited environments, higher resolution is often necessary for comparisons with seafloor morphology. We propose a more general imaging method based on a global inversion of spatially distributed observations. In this initial formulation we assume that sound scattered from a particular region is independent of incident and observation angle, in both the horizontal and vertical. This approximation is good for monostatic and bistatic reverberation experiments in the deep ocean, where propagation angles only vary over a narrow vertical width, and the azimuth of distant scatterers remains relatively constant from observation to observation. (It can also be used to make omnidirectional estimates, given a broad distribution of observations, as is shown in a preliminary article. 7)
By simulation, we demonstrate the method for a monostatic observation geometry and operational parameters used in bottom reverberation experiments sponsored by the Office of Naval Research Special Research Program in 1991-1993. We first create a synthetic ocean basin with a scattering coefficient representation, and generate synthetic reverberation maps for the given observation geometry. We then attempt to estimate the true scatter coefficients from the reverberation maps by (a) a linear average, (b) a dB average, and (c) a global inversion. Finally, we test the accuracy of each method by a statistical comparison of the estimated and true scatter coefficients. Since some methods may estimate high scatter coefficients better, we make the above comparison separately for different magnitude regimes. 
where the summation limits are as previously defined. This factor is necessary because of approximations made in mapping inherently polar reverberation data onto the Cartesian grid used to digitally define the image. As the grid size decreases with respect to the radial resolution of the array Ar, the correction factor h,(r,O) approaches unity and the resolution of the inversion increases. However, it is not advantageous to choose a grid size much smaller than At. As the grid becomes finer than this, the information content remains constant but the inversion time prohibitively increases. For a given observation, we do not compute reverberation for grid points whose scattering areas extend beyond boundaries corresponding to the edges of the image. We also do not compute reverberation for grid points whose integration numbers exceed a chosen threshold •/max' This insures that redundant information from endfire beams, which is too poor in resolution to be useful, does not slow down the processing. However, thresholding also limits the data available at long range, which eventually limits an inversion's effectiveness at long range. When the number of equations coupled to a particular set of grid points is greater than or equal to the number of grid points coupled, the equations for these grid points are properly constrained. Satisfaction of this criterion for a set of grid points depends upon the observation geometry, local resolution, and integration threshold. Satisfaction of this criterion for all grid points is more stringent than having the overall number of nonidentical equations, which is at least $(N/2), exceed the overall number of unknowns, N. [We note that the number of nonidentical equations is at least $(N/2) due to the Cartesian grid's general lack of symmetry about an arbitrary array axis. If all observations s had array axes symmetric to the grid, i.e., q•s=(s-1)•r/4, the number of nonidentical equations would be limited to S(N/2), due to right-left ambiguity.] When properly constrained, these equations can be solved for scattering coefficient bk by matrix inversion. 12
Instead, we choose an iterative optimization procedure, because such procedures are extremely efficient in both formulation and solution of problems involving a large number of intricately related parameters. They are ideal for our situation since the images that we need to invert typically contain between N= 10 4 to 10 6 pixels and are the result of a highly convoluted process. Because the problem is linear, we are guaranteed to obtain the correct solution via an iterative random-search for local minima, if the problem is properly constrained. This can also be seen in Eq. (9). The function we are minimizing is parabolic in the parameters to be varied. This insures that the minimum found in the parameter search space is a global minimum. Besides being extremely efficient, this method is also convenient for another reason.
Since it is essentially the same as using simulated annealing at zero temperature, it is easily transformed to a simulated annealing algorithm. If there is uncertainty in the observation geometry, i.e., the ship's location and array heading are not precisely known, these parameters can be included in the search. The problem then becomes nonlinear and a simulated annealing approach is necessary to escape local minima in the parameter search space. Otherwise we retain the original value. We continue this process until each grid point has been perturbed, i.e., for j = 1,2,3...,N. That comprises the first global iteration. We then iterate globally until the cost function reaches a minimum value gmi n with respect to the &j. As discussed in the last paragraph, the resulting &j will be the solution for a properly constrained problem. If the problem is not properly constrained for certain grid points, resolution will be poorer than the grid size and speckling will occur in that portion of the image. Also, ambiguity will be reduced, but may not be eliminated.
In comparing E' to E it is inefficient and prohibitively time consuming to compute each cost function as shown in Eq. (8). Since only a single test grid point has been
changed there is no difference between many .correspond- •
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+6[m--m•)(s),n--n•(s) ] for all s, n 0, m 0, where [m• (s),n• (s) ] is the ambiguous point for [n0,m0] and observation s. This minimum run time per global iteration is equal to the overall run time of
an average of reverberation maps. As we will show in the next section, however, averaging generally gives an unsatisfactory estimate.
III. SIMULATION RESULTS
A. Observation geometry and reverberation maps
Simulations are preformed for the typical monostatic observation geometry sketched in Fig. 3 To quantify these differences, and so test the accuracy of the estimate, we compute the ratio of the means and normalized covariance for the original and estimated scattering coefficients. We compute these statistics independently for sets of grid points corresponding to 10-dB scattering strength bins in the original image, and only examine grid points where the number of mappings ft[rn,n] > 1. The results are in Table I , where we use -(a)) (a-(a) Fig. 9 , where the white contour contains grid points where 1 < ft. As expected from the dramatic decrease in the cost function, the global inversion image is nearly identical to the true image in Fig. 1. The right-left ambiguity of the data has been removed and the ocean basin is resolved to the grid increment in areas where reverberation mappings of such high resolution do not exist. This is confirmed quantitatively in Table III, We note that both high and low values are found with equal precision in the inversion. However, low values are more statistically sensitive to the successive approximations since they are given less weight in the cost function, when considered individually. As a result, more iterations may be necessary to reduce the variance of the estimate for lower values. This is shown in Fig. 10 and Table IV, approximately at global minimum, Emin=Enooo=Eo(2.77X 10-5). See Table I is also clear that the leakage is insufficient to properly estimate scattering strength for some other peripheral grid points.
IV. DISCUSSION
We have developed a method for imaging the ocean basin via a simultaneous inversion of multiple reverberation measurements made at differing spatial locations. By optimal use of the data, this method removes the right-left ambiguity associated with line-array data and produces as fine a resolution as possible. The method has been tested with a typical monostatic observation geometry where it has proven to be far superior to data averaging for simulations involving reverberation from scattering sites While the method is currently applicable to many long-and short-range monostatic and bistatic experiment geometries, it cannot be applied arbitrarily. For example, a series of separate inversions is necessary to determine the angular dependence of bottom reverberation. In each inversion, the separation between observations must be small enough to maintain a similar orientation to the region being imaged. This insures that the differences between observation angle are small with respect to variations in the angular dependence being measured.
Alternatively, it is possible to reformulate the inversion to search directly for regional angular dependence via a single global inversion. However, this approach runs into difficulties for ocean environments dominated by negative excess depth and rugged bathymetry due to extreme variations in transmission loss that can make spatially diver- No attempt has been made to account for statistical variations in reverberation that may arise at differing observation locations. While such stochastic phenomenon are possible in real data, they are not relevant to this initial formulation. Our goal is principally to show that there are ways to make optimal use of towed-array data that are independent of the often stochastic nature of the reverberation. And, even if high variance exists, an ensemble of observations with redundant geometry may be used in the present formulation to make the problem statistically overdetermined and so reduce the variance by the number of redundant observations. Alternatively, stochastics can be incorporated by searching for probability distributions to parametrize seafloor scattering rather than mean scattering coefficient values. If the reverberation is inherently deterministic, i.e., the scattering surfaces are much larger than a wavelength and approximately planar, or the variance is sufficiently low, only observations sufficient to remove ambiguity and obtain the desired resolution would be required, as in the simulations presented.
Finally, we contend that it is possible to determine the optimal set of observations needed to image the ocean bottom with methods related to those presented. That is, assuming some or no knowledge of regional bottom scattering, and given constraints upon our resolution, ship maneuverability, time, site locations, etc., we could invert for the optimal course of the research vessel. This has been referred to as the "traveling acoustician problem." 14 Qualitatively, the problem is related to the much simpler problem of refining the array's navigation by including it as a free parameter in the reverberation inversion. Both • prob-lems are nonlinear, and are most efficiently solved with a technique like simulated annealing. 
